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Abstract 

The possibilities of pairing in two-dimensional boson-fermion mixtures are carefully analyzed. 
It is shown that the boson-induced attraction between two identical fermions dominates the p- 
wave pairing at low density. For a given fermion density, the pairing gap becomes maximal at a 
certain optimal boson concentration. The conditions for observing pairing in current experiments 
are discussed. 
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Since the first realization of a degenerate Fermi gas tlie searcli for a BCS-like transi- 
tion signature in ultracold trapped gases of fermionic atoms has received a lot of attention 
both from theoretical and experimental points of view. Already before the experimental 
achievement of p|, there had been suggestions on the possibility to observe this transition 
in a gas with two hyperfine components of ^Li The importance of the asymmetry in 
the populations of the two components was studied in 0, 0]- Later on, the influence of 
adding bosons and the presence of a BEC on the transition temperature of the Fermi gas 
was studied for a three-dimensional trap in j^H, 01- 

At the same time, the possibility to design the trap so as to produce effectively one- and 
two-dimensional systems has attracted much interest in theoretically describing jl, |^ 
and experimentally obtaining fll^ such low- dimensional quantum systems, where correlations 
play generally a more important role than in their three-dimensional counterparts. 

In this article we discuss the principal features of pairing in a very dilute two-dimensional 
mixture of fermions and bosons, characterized by their masses rriF and m^; densities pp = 
kp/in and p^; and chemical potentials fip ~ ep = kp/2mp = 2tt pp/mp and pb- A 
fermion-boson mixture is an experimentally relevant situation, because at low density and 
temperature the most important contribution to the scattering amplitude is due to s-wave 
collisions which, in the case of spin-polarized fermions, are forbidden by Pauli's principle. 
As a consequence, it is difficult to cool a sample of spin-polarized fermionic atoms to reach 
the temperatures needed to observe quantum degeneracy. This problem may be overcome 
by sympathetically cooling the fermions with a gas of bosons, so that the fermions cool down 
by interacting with the bosons l^, IE H • 



We assume in the following the idealized zero temperature case. The energy gaps charac- 
terizing the pairing can always be converted into critical temperatures by multiplying with 
the factor •y/n ^ 0.567 as in three dimensions 0]. We also assume ps <S pp, which will be 
justified later. 

Pairing in two dimensions has the peculiar feature that, for an attractive s-wave interac- 
tion between two different fermionic species, a bound state (of binding energy Ef,) is always 
Tesent and therefore the system enters the strong-coupling regime at sufficiently low density 



present ana tJ 



forming a Rose condensate of fermion pairs characterized by 

Pp ep-Eb/2, (la) 
Ao ^ V2Ebep , (lb) 

where Aq is the s-wave pairing gap. This strong pairing contrasts with the 3D weak-coupling 
behavior, where the gap vanishes exponentially with kp ^ 0. Moreover, the strong-coupling 
situation implies that the pairing gap is quite insensitive to an asymmetry in the population 
of the two species |l,9j, contrary to the 3D case, where even a minute excess of particles of 
one species reduces considerably the gap size due to the effects of Pauli blocking in the gap 
equation ^E^- 

We therefore exclude in the following this "trivial" case, and focus on the situation where 
s-wave pairing is not possible, either due to a repulsive s-wave interaction, or when treating 
a system of identical (spin-polarized) fermions. The next possibility concerns the p-wave 
pairin g ga p, Ai = Ap=i{kp), which in the low-density limit is given by the weak-coupling 
result [l8[ 

Ai r 27r 1 

— = ci exp — , (2) 

Pp I mplpj 
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where ci is a constant of order unity and 

Tp = T^^=^\2fiF) = ^ COS0 (fc'|T(2/ii.)|fc) , |fc| = = kF , COS0 = fc' ■ (3) 

is the relevant T-matrix element of the interaction. 

We now analyze the pairing force mediated by the surrounding bosons. Assuming for 
the moment that a direct fermion-fermion interaction is absent, the relevant interaction to 
leading order in density, to be used in Eq. is Tp = Tp, where F^;' is the boson-mediated 
irreducible polarization interaction, schematically represented in Fig. Q Within the range 
of the weak-coupling formula, it is sufficient to consider in- and out-going fermions on the 
Fermi surface and on their energy shell, cf. Eq. Q. Therefore, the energy transfer from 
one fermion to the other vanishes: u = 0. For the time being we assume for simplicity 
boson-fermion (BF) and boson-boson (BB) T-matrices that can be considered constant in 
the low density limit, as in the three-dimensional case. In two dimensions this is, however, 
not any more true j2ll . li^ , and the correct treatment will be discussed further below. 

With this assumption, the relevant interaction kernel reads at low density 



{k'\TF\k) = nFUU\k'-k\) (4) 
with the bosonic RPA propagator 

rJ^ («) 

and the bosonic static Lindhard function 

^B{q) = ^ • (6) 

We have neglected the influence of the fermions on the properties of the Bose condensate. 
We remark at this point that due to the dependence of the two-dimensional Lindhard 
function, the RPA has necessarily to be performed in order to avoid divergencies. The 
situation is similar to the electron gas where, however, the interaction is singular. 
Projecting out the L = 1 partial-wave FF interaction, one obtains in particular 

^ttj = TIf r^cos</>n^(g= v/2(1-cos0)M 
Jo ^ 

2 ^ r d(t) cos 



Tbb Jo tt x + 1 — cos( 



Tbf ( \ _ '^^bTbbPb _ ^bTbb Pb /-\ 
-g [X) , X — — — — [I ) 



with 



Tbb kj, 27r pp 

gix) = — , ^ — X . (8) 

This function is plotted in Fig. |21 It has a maximum located at (x = \/2 — 1 0.414, g = 
3-2\/2fti 0.172), and can in its vicinity be approximated by a parabola, as shown by the 
dashed line in the figure. This translates into a sharp Gaussian peak for the gap function, 
according to Eq. 
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Therefore, when increasing the boson density for fixed pp, the induced fermionic attrac- 
tion and thus also the pairing gap would reach a maximum for 



PB_ ^ 0.414 X 27r 

pF msTBB 

However, in two dimensions the (s-wave) scattering matrices Tbf and Tbb cannot be 
considered constant, but vanish logarithmically with the c.m.s. energy E of the two-particle 
state i.e., 

where m is the reduced mass of the colliding particles and Eq E is a. parameter (with 
dimensions of energy) characterizing low-energy scattering. Therefore, it is necessary to 
evaluate the c.m.s. energy E'^ = P^P'^ for the following situations (sketched in Fig. Ej): 

{{k',pF){q,0)\TBF\{k,pp){0,0)) : E = , (11a) 

((O,0)(g,0)|TBB|(q,0)(O,0)) : = --^ , (lib) 

AniB 

((+9,0)(-q,0)|Tss|(0,0)(0,0)) : E = 0, (11c) 

with niBF = mB^nF / {TTiB+mF) the BE reduced mass. Therefore, within the approximation 
Pb = (or more precisely ps <^ Pf), only forwardgoing polarization diagrams (see Fig. [TJd) 
contribute to the induced EE interaction. This can be taken into account by replacing 
Tss'^^Biq) TBB{q)^B{q)/'^ in Eq. ©, where now 

47r 1 

^^^^^^ = ^BMAmBEBslq') • ^''^ 
Also, the relevant boson-fermion interaction becomes 

271" 1 

tubf In {2mj,EBF/'mBFkF) 

Here Ebf and Ebb are the parameters characterizing low-energy s-wave BE and BB scat- 
tering, respectively. 



We obtain then 



h{x,y) 



271 

COS( 



TT (1 — cos0)/x — 1/ln [(1 — COS0)/|/] 



4vrpB pb mBEBB 

X = —2— = — , y = . (14) 

kp Pf ruFPF 



with the condition ?/ ^ 1 for Eq. (fT2j) to be valid. 

Varying the boson density (i.e., x) for a constant fermion density (y), one observes again 
a maximum at a certain ratio Xopt(y). The optimal ratio Xopt as well as the corresponding 
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value hopt are plotted in Fig. [Has functions of y. At sufficiently large y one obtains a quasi 
linear dependence on \ny: 



XoAy) ^ 0.414 (3.0 + In y), (15a) 
/lopt(y) ^ 0.172 (3.7 + In y). (15b) 

We remark that in fact the optimal ratio Xopt corresponds to the one for a constant Tbb, 
Eq. (jni), when making the replacement 

TBB{q = 0.S17kF) 

Thus position and value of the maximum depend logarithmically on the Fermi momentum. 
Taking all these facts into account, the value of the pairing gap under optimal conditions 
becomes 

Ai _^ [In {mFEBF/'mBFf^F)V 

Cifip mBiTip 0.172 [3.7 + In y] 

The induced interaction, Eq. (ITU) , is to be compared with the direct low-density p-wave 
fermion-fermion interaction jl8i |. 

where Ei is the parameter characterizing 2D low-density p-wave scattering. Therefore, 
at sufficiently low fermion density, the boson- mediated attraction, Eqs. ()14|15|) . becomes 
dominant, since it depends only logarithmically on the fermion density. For the same reason, 
any fermionic polarization corrections have also been neglected. 

We analyze finally the assumpti on Ufi -C that was made beforehand. The boson 
chemical potential is determined by 2^, 3 



/is = PbTbb[E = afiB) = -j-TT^ '/ T I^f = , (19) 

niB \n.[EBB OijJiB) mp 



where a is of order unity j28[. Since the logarithm in the low-density domain is always large, 
we have the sufficient condition 



X 



Pb/Pf ^ mB/rriF . (20) 



In order to estimate typical sizes of the expected gap, we plot in Fig. El the gap Ai//xj?, 
according to Eq. (fT7|) . as a function of the ratios pf/Ebb and pf/Ebf (assuming for sim- 
phcity ci = 1 and = tub)- One notes that it is mainly the ratio pf/Ebf that determines 
the gap, whereas the dependence on pf/ Ebb is relatively weak. Thus with fermion chemical 
potentials Pf ^ Ebf quite large gaps Ai ^ fip could be achieved. 

In order to translate this condition into experimental quantities, we use the results of 
Refs. jl, 11^, relating the 2D scattering parameter Ebf to the value of the 3D scattering 
length aBF, for a boson- fermion system confined in a strongly anisotropic trap characterized 
by frequencies uj± and Uz (here supposed to be the same for bosons and fermions), obtaining 

-^l£exp(-v^^V (21) 



Ebf B \ cibf 
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where B ^ 0.915 and Iz = Xj \/2mBF^z- Since at the same time for a 2D situation the 
condition '^^z must be fullfilled, one can only expect observable gaps if the exponential 
term is not too small. One can now distinguish two cases: (i) a^F > 0: in this case the ratio 
h/O'BF should be minimized as much as possible, i.e., for extremely strongly 2;-compressed 
traps, or for systems with a very large BF scattering length (Feshbach resonance), (ii) 
O'BF < 0: in this case the exponential term is never small and observable pairing can be 
expected provided the ratio ^f/^z is not too small. Using the Thomas- Fermi approximation 
Hf = \/2Nfuj± for the chemical potential of a two-dimensional Fermi gas in a (in-plane) 
harmonic trap of frequency ujj_, this last condition can be expressed by means of the fermion 
number and the trap asymmetry: 



Thus under favorable circumstances quite large p-wave pairing gaps of the order of the 
Fermi energy seem to be achievable, comparable to those of s-wave pairing in quasi-2D two- 
component Fermi gases Q. Unfortunately, more precise quantitative predictions cannot be 
made in this regime, since with fip ^ Ebf,Ebb also the asymptotic expression Eq. (fTUI) 
becomes invalid. It is worth noticing that the same effect in three dimensions is less effective 
in increasing the size of the gap, and one expects Ai/ fip < 0.1 

Finally, we consider the problem of the phase-stability of boson-fermion mixtures, which 
has been faced by different authors H^, that reach similar conclusions. This problem 
has been studied for homogeneous as well as for trapped systems, but always in three 
dimensions, where the theoretical description is somehow easier than in 2D because of the 
different behavior of the correponding T-matrices at low energy. Here we briefly discuss the 
imphcations from the previous studies jQ, j25||, |26| that can be applied to our case, but a more 
precise analysis would be of high interest. 

According to Ref. 0, in a boson-fermion mixture one can expect to find one of three 
situations: (i) a fermionic phase and a bosonic phase, (ii) a fermionic phase and a boson- 
fermion mixture, and (iii) a single uniform mixture. In case (i) there is no boson-fermion 
induced interaction and no sympathetic cooling. In case (ii) these problems are overcome, 
but only a fraction of the fermions is efficiently cooled and can undergo the superfluid 
transition. Therefore, the interesting situation is that of case (iii). This can be obtained if 
there is attraction between bosons and fermions (to avoid their spatial separation), but in 
this case the system may collapse due to this same attraction j2^. This will happen if, e.g., 
the number of bosons exceeds some critical number A^^cr, which will depend on qbb and Qbf- 
For a uniform system, we know that aBB > is required in order to avoid the collapse of 
the boson component. This also stabilizes significantly the mixtures [25|, even for qbf < 0. 



As expected, the case qbf > rapidly gives rise to spatial separation of the two gases (2 



Applying these arguments to the mixtures used in typical experiments, we see that the 
case ^Li-^Li (where the assumption niB = mp is more adequate) with qbe = —1-5 nm and 
aBP = 2.2 nm [l^ does not correspond to the optimal stability conditions. However, the 
presence of the trapping stabilizes the system so that experiments can be performed. On 
the other hand, for the ^''Rb-^'^K mixture, where aBB = 5.2 nm and Qbf = —2.2 nm 
|27l |. the stability conditions for the homogeneous case are fully satisfied. 

In conclusion, we have studied the characteristics of p-wave pairing in a two-dimensional 
boson-fermion mixture with repulsive (or absent) FF s-wave interaction. The boson-induced 
attraction between two fermions dominates at low density an eventual direct FF p-wave 
force. The induced pairing gap becomes maximal at a certain optimal boson-fermion ratio. 



fip 



V2A^- 



(22) 
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In contrast to the three-dimensional case, this ratio itself increases when decreasing the 
fermion density, due to the logarithmic energy dependence of the BB T-matrix at low 
density. Using this optimal condition, we have estimated the size of the gap and find 
experimentally achievable values, in particular for systems with a negative boson-fermion 
scattering length such as the ^'''Rb-^°K mixture. 

We would like to acknowledge valuable discussions with M. Guilleumas and M.A. Bara- 
nov. This work was supported in part by the program DGICYT (Spain) No. BFM2002- 
01868. J. M.-P. acknowledges support from a fellowship of the Generalitat de Catalunya. 
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Figures 




-k,e(k) -k',e(k') 

FIG. 1: (a) Polarization interaction F between two fermions (dashed lines) mediated by the 
presence of bosons (solid lines). The labels indicate the momentum and energy of each line. For 
condensate bosons and fermions on the Fermi surface, h = 0,uj = 0. (b) Diagrams contributing 
to the boson bubble in RPA; the last one is an example of a backwardgoing diagram, negligible 
when fiB ^ 0. Here, thick solid lines are full propagators, thin solid lines are free propagators, and 
wiggles represent interactions. 

g(x) 

0.20 r 




0.10 j 
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FIG. 2: The function g appearing in Eq. © (solid line), together with the parabolic approximation 
(dashed line) around its maximum (indicated by the dotted vertical line). 



k,ep k',eF q,0 0,0 0,0 q,0 




0,0 q,0 0,0 q,0 0,0 -q,0 

FIG. 3: Possible collision events in the mixture, according to Eq. (jlll) . Dashed lines denote 
fermions, solid lines bosons, and wiggles represent interactions. The labels indicate the momentum 
and energy of each particle. 
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Xopt 




FIG. 4: The optimal values Xopt and /lopt for the pairing interaction, Eq. H14() . The dashed lines 
indicate the asymptotic behavior, Eq. H15|) . 




FIG. 5: The pairing gap for optimal boson concentration, Eq. p7j) . as a function of the fermion 
chemical potential. 
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